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ELECTROMAGNETIC WAVE PROPAGATION IN GLHUA INVISIBLE SPHERE
BY GL NO SCATERING FULL WAVE MODELING AND INVERSION
Jianhua Li∗ and Feng Xie, Lee Xie, Ganquan Xie
GL Geophysical Laboratory, USA
Ganquan Xie
Chinese Dayuling Supercomputational Sciences Center, China
(Dated: December 26,2016)
Using GL no scattering full wave modeling and inversion, we create a GLHUA pre cloak electro-
magnetic (EM) material in the virtual sphere that makes the sphere is invisible. The invisible sphere
is called GLHUA sphere. In GLHUA sphere, the Pre cloak relative parameter is not less than 1;
the parameters and their derivative are continuous across the boundary r=R2 and the parameters
are going to infinity at origin r=0. The phase velocity of EM wave in the sphere is less than light
speed and going to zero at origin. The EM wave field excited in the outside of the sphere can not
be disturbed by GLHUA sphere. By GL full wave method, we rigorously proved the incident EM
wave field excited in outside of GLHUA sphere and propagation through the sphere without any
scattering by the sphere, the total EM field in outside of the sphere equal to the incident wave
field. Moreover, we prove that in GLHUA sphere with the pre cloak material, when r is going to
origin, EM wave field propagation in GLHUA sphere is going to zero. All copyright and patent of
the GLHUA EM cloaks,GLHUA sphere and GL modeling and inversion methods are reserved by
authors in GL Geophysical Laboratory.
PACS numbers: 13.40.-f, 41.20.-q, 41.20.jb,42.25.Bs
I. INTRODUCTION
Using GL no scattering modeling and inversion and
many GL method simulation [1] [2] [3], we find a class
nonzero relative anisotropic parameter solution of EM
zero scattering inversion in the sphere r ≤ R2 We cre-
ate a novel material in GLHUA sphere with relative EM
parameter not less than 1 that makes the sphere is invis-
ible. The parameters and their derivative are continuous
across the boundary r = R2 and the parameters are going
to infinity at origin r = 0. The phase velocity of EM wave
in the sphere is less than light speed and going to zero
at origin. We discovered and proved an essential prop-
erty that in the local sphere r ≤ RO without EM source,
including R2 < r < RO annular layer in free space and
r ≤ R2 in GLHUA sphere, on any spherical surface with
radius r < RO, the spherical surface integral of Er sin θ
and Hr sin θ is zero, (Er is radial electric wave field, Hr
is radial magnetic wave field). The essential property of
EM wave is a key difference from the acoustic wave and
seismic wave. Based on the essential property, by GL
full wave method, we rigorously proved the incident EM
wave field excited in the outside of GLHUA sphere and
propagation through the sphere without any scattering
from GLHUA sphere, the total EM field in the outside
of GLHUA sphere equal to the incident wave field. EM
wave field excited in the outside of the sphere can not
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be disturbed by GLHUA sphere. GLHUA sphere is com-
plete invisible. Moreover, based on the above essential
property of EM wave, we prove that in GLHUA sphere
with the pre cloak material, when r is going to origin,
EM wave field propagation in GLHUA sphere is going to
zero. We propose a special GL transform to map GL-
HUA outer annular layer cloak to GLHUA sphere. The
anisotropic relative parameters of EM material in phys-
ical GLHUA outer annular layer cloak, εp,r = µp,r = 1,
εp,θ =
1
2
(
r−R1
R2−R1
+ R2−R1
r−R1
)
, εp,θ = εp,φ = µp,θ = µp,φ
are mapping to anisotropic relative parameter material
in GLHUA invisible sphere that satisfy GLHUA pre in-
visible cloak material conditions. From the theoretical
proof in GLHUA invisible sphere, we can rigorously prove
GLHUA outer annular layer cloak is invisible cloak with
concealment. The major new ingredients in this paper
are proposed in 7 sections.The introduction is presented
in the section 1. Second order Maxwell electromagnetic
equation in anisotropic material in spherical coordinate,
and the basic fundamental electromagnetic wave in free
space is presented in the section 2. The Global and Lo-
cal (GL) method for radial electromagnetic equation and
the essential property of radial EM wave are presented in
the section 3. In the section 4, we propose GL EM wave
Greens equation and GL EM Greens function. GL EM
Integral equation and its theoretical proof are proposed
in the section 5. In the section 6, we propose GLHUA
EM invisible sphere, in this section, we rigorously proved
that EM wave field propagation is going to zero at ori-
gin in GLHUA sphere. In section 7, the discussion and
conclusion is presented.
2II. SECOND ORDER MAXWELL
ELECTROMAGNETIC EQUATION IN
SPHERICAL COORDINATE
A. Electromagnetic Maxwell Equation in Sphere
Coordinate System
∇× ~E = 1
r2 sin θ

 ~r r~θ r sin θ~φ∂
∂r
∂
∂θ
∂
∂φ
Er rEθ r sin θEφ


= −iω (Hr, Hθ, Hφ)

 µr µθ
µφ

µ0
(1)
∇× ~H = 1
r2 sin θ

 ~r r~θ r sin θ~φ∂
∂r
∂
∂θ
∂
∂φ
Hr rHθ r sin θHφ


= iω (Er, Eθ, Eφ)

 εr εθ
εφ

 ε0 + δ(~r − ~rs)~es
(2)
∇ · ~B = 1
r2
∂
∂r
(
r2µrHr
)
+ 1sin θr
∂
∂θ
sin θµθHθ
+ 1
r sin θ
∂
∂φ
µφHφ = 0,
(3)
∇ · ~D = 1
r2
∂
∂r
(
r2εrEr
)
+ 1sin θr
∂
∂θ
sin θεθEθ
+ 1
r sin θ
∂
∂φ
εφEφ = 4πρ,
(4)
where ρ is the electric charge, ε0 is the basic constant
electric permittivity, µ0 is the basic constant magnetic
permeability, εr , relative radial electric permittivity, εθ
and εφ, relative angular electric permittivity, µr , relative
radial magnetic permeability, µθ and µφ, relative angu-
lar magnetic permeability, Er is the radial electric field,
Eθ is the electric field in angular θ direction, Eφ is the
electric field in angular φ direction, ~E = (Er, Eθ, Eφ)
is the electric field vector, ~D is the electric displace-
ment vector, ~B is the magnetic flux vector, Hr is the
radial magnetic field, Hθ is the magnetic field in angu-
lar θ direction, Hφ is the magnetic field in angular φ
direction, ~H = (Hr, Hθ, Hφ) is the magnetic field vector,
ω = 2πf is the angular frequency, f is the frequency Hz,
~r = (r, θ, φ), the vector in spherical coordinate.
B. Second Order Maxwell Electromagnetic
Equation On Radial Electric Wave In Spherical
Coordinate
We use Electric-Magnetic-Electric EME translate pro-
cess to translate Maxwell Equation in Spherical Coor-
dinate (S1) and (S2) with anisotropic material into the
Second order Maxwell Electromagnetic Equation on Ra-
dial Electric Wave Field In Spherical Coordinate
∂
∂r
1
εθ
∂
∂r
εrr
2Er +
1
sin θ
∂
∂θ
sin θ ∂Er
∂θ
+
1
sin2 θ
∂2Er
∂φ2
+ k2µθεrr
2Er
= − 1sin θ ∂∂θ sin θ ∂∂r
(
1
iωεθ
rJθ
)
− 1sin θ ∂∂φ ∂∂r
(
1
iωεθ
rJφ
)
− ∂
∂r
1
iωεθ
∂
∂r
r2Jr − (−iωµθ)r2Jr,
(5)
C. Second order Maxwell Electromagnetic
Equation on Radial Magnetic Wave Field In
Spherical Coordinate
We use MEM Magnetic-Electric-Magnetic translate
process to translate Maxwell equation in spherical Coor-
dinate (S1) and (S2) into the Second order Maxwell mag-
netic equation on radial magnetic wave field in spherical
coordinate with anisotropic material,
∂
∂r
1
(µθ)
∂(µrr2Hr)
∂r
+ 1sin θ
∂
∂θ
sin θ ∂Hr
∂θ
+ 1sin2 θ
∂Hr
∂φ2
+ k2εθµrr
2Hr
= 1sin θ
∂
∂θ
sin θrJφ − 1sin θ ∂∂φrJθ,
(6)
D. Second Order Maxwell Electromagnetic
Equation On Angular Electric Wave Field In
Spherical Coordinate
After solving equation (5) and (6) and obtaining the
radial electric wave field Er(r, θ, φ) and radial magnetic
wave field Hr(r, θ, φ), the following second order Maxwell
electromagnetic equation govern angular electric wave
field Eθ(r, θ, φ) and Eφ(r, θ, φ)
∂
∂r
1
(µθ)
∂rEθ
∂r
+ k2εθrEθ
= −iωµ0 1sin θ ∂Hr∂φ + ∂∂r
(
1
µθ
∂Er
∂θ
)
−iωµ0rJθ
(7)
∂
∂r
1
(µθ)
∂rEφ
∂r
+ k2εθrEφ
= ∂
∂r
1
(µθ)
1
sin θ
∂Er
∂φ
+ iωµ0
∂Hr
∂θ
−iωµ0rJφ
(8)
E. Second Order Maxwell Electromagnetic
Equation on Angular Magnetic Wave Field In
Spherical Coordinate
After solving equation (5) and (6) and obtaining the
radial electric wave field Er(r, θ, φ) and radial magnetic
wave fieldHr(r, θ, φ) , the following second order Maxwell
electromagnetic equation govern angular magnetic wave
field Hθ(r, θ, φ) and Hφ(r, θ, φ)
3∂
∂r
(
1
εθ
∂
∂r
rHθ
)
+ k2µθrHθ =
iωε0
1
sin θ
∂Er
∂φ
+ ∂
∂r
(
1
εθ
(
∂Hr
∂θ
))
+ ∂
∂r
(
1
εθ
rJφ
)
,
(9)
∂
∂r
(
1
εθ
∂
∂r
rHφ
)
+ k2µθrHφ =
1
sin θ
∂
∂r
1
εθ
∂Hr
∂φ
− iωε0 ∂Er∂θ
− ∂
∂r
(
1
εθ
rJθ
)
,
(10)
F. Fundamental acoustic wave field
Let g(~r, ~rs) is the fundamental acoustic wave field,
which is solution of following acoustic equation
∂
∂r
r2 ∂g
∂r
+ 1sin θ
∂
∂θ
sin θ ∂g
∂θ
+ 1sin2 θ
∂2g
∂φ2
+k2r2g = δ(r − rs) δ(θ−θs)sin θ δ(φ− φs),
(11)
g(~r, ~rs) = − 1
4π
e−ik|~r−~rs|
|~r − ~rs| (12)
|~r − ~rs| =
√
|~r − ~rs|2,
|~r − ~rs|2 = r2 + r2s
−2rrs sin θ sin θs cos(φ − φs)
−2rrs cos θ cos θs,
(13)
where ~rs = (rs, θs, φs) is point source location, ~r =
(r, θ, φ) is variable spherical coordinate, i.e. observation
point.
G. Basic fundamental electromagnetic wave field in
free space
The basic fundamental electromagnetic wave field in
free space can be excited by current source ~J = δ(~r −
~rs)~ej , or magnetic moment source ~M = δ(~r − ~rs)~ej .We
consider the current source in this paper, similarly the-
orem and proof are suitable for the magnetic moment
source. Let εr = εθ = εφ = 1 and µr = µθ = µφ = 1,
electric current source ~J = δ(~r − ~rs)~ej ,The basic funda-
mental electromagnetic wave field in free space are solu-
tions of equations (5)-(6) in free space,
Ebj =
1
iωε0
(∇∇ · (g~ej) + k2g~ej) (14)
Ebj,r =
1
iωε0
(
ejr
(
∂2g
∂r2
+ k2g
)
+ ejθ
∂
∂r
1
r
∂g
∂θ
)
+ejφ
1
iωε0
∂
∂r
1
r sin θ
∂g
∂φ
(15)
Hbj = ∇× (g~ej),
Hbj,r =
(
ejφ
1
r
∂g
∂θ
− ejθ 1r sin θ ∂g∂φ
)
,
(16)
where the above equation are in the spherical coordinate
system, g(~r, ~rs) is denoted in (11)-(13), ∇· is diverge op-
erator Ebj is basic fundamental electric wave, , H
b
j is basic
fundamental magnetic wave, which is excited by source
~J = δ(~r − ~rs)~ej , the up script b means basic fundamen-
tal electric wave, the lower script j means source with
excited vector ~ej . E
b
j,r is radial basic fundamental elec-
tric wave, i.e. r component of Ebj , H
b
j,r is radial basic
fundamental magnetic wave, i.e. r component of Hbj , ~ej ,
j=1,2,3, is a unite vector,
e1 = ex =
(
sin θ cosφ cos θ cosφ − sinφ ) ,
e2 = ey =
(
sin θ sinφ cos θ sinφ cosφ
)
,
e3 = ez =
(
cos θ − sin θ 0 ) , (17)
III. GLOBAL AND LOCAL (GL) METHOD FOR
RADIAL ELECTROMAGNETIC EQUATION
AND THE ESSENTIAL PROPERTY OF THE
RADIAL ELECTROMAGNETIC WAVE
In the section 1, we proposed second order Maxwell
electromagnetic equation in anisotropic material in
spherical coordinate. The fundamental electromagnetic
wave field in free space in sphere coordinate is presented
in section 2. These basic equations are used in this and
next sections.
A. Global and Local GL radial electric second
order differential equation
For R2 > 0, we consider electromagnetic equation (5)-
(10) in the sphere r ≤ R2 with anisotropic media, in
the outside of the sphere, r > R2 with basic isotropic
electric permittivity ε0 and magnetic permeability µ0
in free space. In our paper, we suppose that the elec-
tromagnetic source set is bounded, the bounded source
set Ωs is in outside of the large sphere with radius RO,
RO > R2,for example, the point source located in outside
of the sphere, rs > RO > R2.
Using Global and Local (GL) field method, we propose
radial GL electromagnetic field and GL electromagnetic
equation. and study the following GL radial electromag-
netic equation in the spherer ≤ R2.
Definition of GL radial electromagnetic wave field
E(~r) = εrr
2Er(~r),
H(~r) = µrr
2Hr(~r),
(18)
From the radial electric equation (5) , we propose GL
radial electric second order differential equation
∂
∂r
1
εθ
∂
∂r
E + 1
εrr2
1
sin θ
∂
∂θ
sin θ ∂E
∂θ
+ 1
εrr2
1
sin2 θ
∂2E
∂φ2
+ k2µθE = Js,
(19)
4where k = 2πf
√
ε0µ0,
Js =
δ(r − rs) 1sin θ δ(θ − θs)δ(φ − φs)er
electric point source rs > RO. The incident GL electric
wave field in free space,
Ebj (~r) = r
2Ebj,r =
1
iωε0
r2ejr
(
∂2g
∂r2
+ k2g
)
+ 1
iωε0
r2
(
ejθ
∂
∂r
1
r
∂g
∂θ
+ ejφ
∂
∂r
1
r sin θ
∂g
∂φ
)
,
(20)
where g = g(r, rs) is the fundamental solution of the
acoustic wave equation, (11-13). Let Eb(~r) to denote
one of Ebj (~r) = r
2Ebj,r, j = 1, 2, 3, it obvious that
lim
r→0
Eb(~r) = 0, (21)
lim
r→0
∂
∂r
Eb(~r) = 0, (22)
B. Global and Local GL radial magnetic field
second order differential equation
By definition of GL magnetic wave H(~r) = µrr
2Hr(~r)
in (18), from the radial magnetic equation (6), we pro-
pose GL radial magnetic field second order differential
equation
∂
∂r
1
µθ
∂
∂r
H + 1
µrr2
1
sin θ
∂
∂θ
sin θ ∂H
∂θ
+ 1
µrr2
1
sin2 θ
∂2H
∂φ2
+ k2εθH = Ms,
(23)
Ms is magnetic point source, incident GL magnetic wave
in free space is,
Hbj = r
2Hbj,r
= r
(
ejφ
∂
∂θ
g − ejθ 1sin θ ∂∂φg
)
,
(24)
Let Hb(~r) to denote one of the Hbj (~r) = r
2Hbj,r, j =
1, 2, 3, it obvious
lim
r→0
Hb(~r) = 0, (25)
lim
r→0
∂
∂r
Hb(~r) = 0, (26)
C. Spherical surface integral of incident GL
electromagnetic wave is vanished
Define spherical surface integral of incident GL electric
wave in free space as
Eb0(r) =
1
4π
∫ π
0
∫ 2π
0
Eb(~r) sin θdθdφ, (27)
Define spherical surface integral of incident GL magnetic
wave in free space as
Hb0(r) =
1
4π
∫ π
0
∫ 2π
0
Hb(~r) sin θdθdφ, (28)
D. Essential property of GL radial electromagnetic
wave
Theorem 3.1 :, Suppose that the electromagnetic
source set is bounded, the bounded source set is in out-
side of the sphere with large radius RO, rs > RO. In
the no source domain, with weight sin θ spherical sur-
face integral of incident radial GL electromagnetic wave
is zero.
Eb0(r) = 0, H
b
0(r) = 0, (29)
The spherical surface integral of radial GL electromag-
netic wave is zero,
E0(r) = 0, H0(r) = 0, (30)
Proof :, By equation (19), the GL radial electric second
order differential equation in free space is
∂2
∂r2
Eb + 1
r2
1
sin θ
∂
∂θ
sin θ ∂E
b
∂θ
+ 1
r2
1
sin2 θ
∂2Eb
∂φ2
+ k2Eb = SE
(31)
The electromagnetic source SE is denoted by (5), (6), be-
cause the bounded source set is in outside of the sphere,
with large radius RO,rs > RO, there exist the no source
domain r < RO , in the no source domain or for plane
electromagnetic wave without source,SE = 0. Use sin θ
times both sides of (31) and take spherical surface inte-
gral and by integral by parts, we get Linville ordinary
equation
d2
dr2
Eb0 + k
2Eb0 = 0, (32)
From (21) and (22), the initial condition is
lim
r→0
Eb0(r) = 0 (33)
lim
r→0
∂
∂r
Eb0(r) = 0, (34)
The equation system (32)-(34) has only zero solution. We
have proved that Eb0(r) is complete vanished
Eb0(r) = 0,
5Similarly, we have proved that Hb0(r) is complete van-
ished,
Hb0(r) = 0.
The first part (29) of the theorem 3.1 is proved. Next,
we prove the second part of the theorem. Suppose that
the electromagnetic source set is bounded, the bounded
source set is in outside of the sphere with radius RO,
in the GLHUA sphere, r ≤ R2 < RO, the source term
is zero in the right hand of GL electric equation (19).
Use sin θ times both sides of (19) and take sphere sur-
face integral and by integral by parts, we have ordinary
equation
∂
∂r
1
εθ
∂
∂r
E0(r) + k
2µθE0(r) = 0,
r ≤ R2, (35)
By above proof, we have initial condition Eb0(R2) = 0
and ∂
∂r
Eb0(R2) = 0. Because in the GLHUA sphere, elec-
tromagnetic material parameters and their derivative are
continuous across the outer boundary r = R2, the radial
GL electromagnetic wave and their derivative are contin-
uous across the boundary r = R2.
E0(R2) = E
b
0(R2) = 0, (36)
∂
∂r
E0(R2) =
∂
∂r
Eb0(R2) = 0, (37)
The solution of ordinary differential equation (35)
with zero initial boundary condition (36) and (37) must
be zero. Therefore,E0(r) = 0 similar H0(r) = 0, we
proved theorem 3.1 that spherical surface integral of GL
electromagnetic wave is vanished.
Theorem 3.2 : Spherical surface integral of incident
radial electromagnetic wave is zero. Spherical surface
integral of radial electromagnetic wave is zero.
Proof :,
Eb0r(r) =
1
4πr2
∫ π
0
∫ 2π
0
Eb(~r) sin θdθdφ = 0,
(38)
Hb0r(r) =
= 14πr2
∫ π
0
∫ 2π
0
Hb(~r) sin θdθdφ = 0,
(39)
E0,r(r) =
= 14πr2
∫ π
0
∫ 2π
0 E(~r) sin θdθdφ = 0,
(40)
H0,r(r) =
= 14πr2
∫ π
0
∫ 2π
0 H(~r) sin θdθdφ = 0
(41)
For EM point source and rs > RO , and r < RO ,also
from (15) and (16), by direct integral, we can calculate
Eb0jr(r) =
= 14π
∫ π
0
∫ 2π
0
Ebjr(~r) sin θdθdφ = 0,
(42)
and
Hb0jr(r) =
= 14π
∫ π
0
∫ 2π
0 H
b
jr(~r) sin θdθdφ = 0,
(43)
Here, we direct integral of (43), because (16)
Hbjr =
1
r2 sin θ
∂
∂θ
(r sin θejφg)
− 1
r2 sin θ
∂
∂φ
(rejθg), j = 1, 2, 3,
~ej is an unit vector of the source, j=1,2,3, in (17),
Hb0jr(r) =
1
4π
∫ π
0
∫ 2π
0
Hbjr(~r) sin θdθdφ
= 14π
1
r2
∫ 2π
0
∫ π
0
∂
∂θ
(r sin θejφg)dθdφ
− 14π 1r2
∫ π
0
∫ 2π
0
∂
∂φ
(rejθg)dφdθ = 0,
(43) is already proved by direct integral. Similarly, by
direct integral, we can prove (42).
From theorem 3.1,E0(r) = 0, by definition of GL elec-
tromagnetic wave field
E(~r) = εrr
2Er(~r),
H(~r) = µrr
2Hr(~r),
we have
E0,r(~r) =
1
εrr2
E0(~r) = 0
and
H0.r(~r) =
1
µrr2
H0(~r) = 0
. The theorem 3.2 is proved.
The spherical surface integral of incident radial elec-
tromagnetic wave is zero that is essential property. The
key property is essential different between electromag-
netic wave and acoustic wave. Note that GL electro-
magnetic wave (18) is not Maxwell electromagnetic field
wave, also is not flux nor displace current. In the GL
method, Global and Local virtual wave E and H in (18)
is convenient under any coordinate transform. Global
and Local virtual wave (18) and GL second order dif-
ferential equation (19) (23) are important for study GL-
HUA sphere and GLHUA cloak. It is shown that the GL
electromagnetic differential equation and their incident
wave (18)-(21) and (22)-(25) have sane equation form and
theoretical properties. For simply, we study GL electric
differential equation and its incident wave (18)-(21) in
detail.
6IV. GL ELECTROMAGNETIC GREENS
EQUATION
A. We propose GL electromagnetic Greens
equation for GL electric equation (18) and GL
magnetic equation (23)
∂
∂r
∂
∂r
G(~r, ~r′) + 1
r2
1
sin θ
∂
∂θ
sin θ ∂
∂θ
G(~r, ~r′)
+ 1
r2
1
sin2 θ
∂2
∂φ2
G(~r, ~r′)
+k2G(~r, ~r′) = δ(~r − ~r′),
(44)
B. GL electromagnetic Greens function
We find and propose GL Greens functionG(~r, ~r′) which
is the solution of above GL electromagnetic Greens equa-
tion (44),
G(~r, ~r′) = rr′g(~r, ~r′), (45)
g(~r, ~r′) = − 1
4π
e−ik|~r−~r′|
|~r − ~r′| , (46)
Where
|~r − ~r′| =
√
|~r − ~r′|2,
|~r − ~r′|2 = r2 − 2rr′ sin θ sin θ′ cos(φ− φ′)
−2rr′ cos θ cos θ′ + r′2,
The GL Greens equation (44) and GL Greens function
(45) are suitable for all global free space which is as back-
ground of local cloak.
C. The spherical surface integral of the GL
electromagnetic Greens equation
We take
G0(r, r
′) =
1
4π
∫ π
0
∫ 2π
0
G(~r, ~r′) sin θdθdφ,
(47)
Take sphere surface integral of GL electromagnetic
Greens equation (44), then sphere surface integral of
Greens function, G0(r, r
′), in (44) satisfy
∂
∂r
∂
∂r
G0(r, r
′)
+k2G0(r, r
′) = δ(r − r′), (48)
We find spherical surface integral of GL Greens function
G0(r, r
′) which is the solution of above equation (48),
G0(r, r
′) =
rr′ikj0(kr) (j0(kr
′)− iy0(kr′)) ,
r ≤ r′,
G0(r, r
′) =
rr′ikj0(kr
′) (j0(kr)− iy0(kr)) ,
r′ ≤ r,
(49)
j0(kr) =
sin kr
kr
,
y0(kr) = − cos krkr ,
(50)
V. GL ELECTROMAGNETIC INTEGRAL
EQUATION
We propose the Global and Local GL integral equation
on GL electric wave field E(~r) in (18) in the sphere body
r ≤ R2
E(~r′) = Eb(~r′)−∫
S(r≤R2)
(
1− 1
εθ
)
∂
∂r
G ∂
∂r
EdV
+
∫
S(r≤R2)
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1sin2 θ
∂2G
∂φ2
)
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV ,
(51)
The equivalent between GL integral equation (51) and
GL electric wave differential equation (19) is proved next
theorem 5.1. In integral equation (51), we change E to
H , εr to µr, εθ to µθ, we obtain GL magnetic integral
equation.
H(~r′) = Hb(~r′)
− ∫
S(r≤R2)
(
1− 1
µθ
)
∂
∂r
G ∂
∂r
HdV
+
∫
S(r≤R2)
1
r2
(
1− 1
µr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1sin2 θ
∂2G
∂φ2
)
HdV
+
∫
S(r≤R2)
k2 (1− εθ)GHdV ,
(52)
A. The equivalent between GL integral equation
(51) and GL electric wave differential equation (19)
Theorem 5.1 : Suppose that the radial electric wave
E(~r) is solution of the GL radial electric wave differen-
tial equation (19) with incident wave (20)-(22), Greens
function G(~r, ~r′) in (45) satisfy the GL electromagnetic
Greens differential equation (44), then E(~r) satisfy the
GL integral equation (51)
Proof : By using Greens function G(~r, ~r′) in (45) to
time the GL electric differential equation (19) and after
7doing some calculation and integral by part, we have
∫
S(r≤R2)
∂
∂r
(
1
εθ
(
∂
∂r
E
)
G
)
dV
− ∫
S(r≤R2)
1
εθ
∂
∂r
E ∂
∂r
GdV
+
∫
S(r≤R2)
(
1
εrr2(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2µθGEdV = E
b(~r)
(53)
By using unknown wave function E(~r, ~rs) to time the
GL Greens equation (44) and after do some calculation
and integral by part, we have
∫
S(r≤R2)
∂
∂r
((
∂
∂r
G
)
E
)
dV
− ∫
S(r≤R2)
∂
∂r
G ∂
∂r
EdV
+
∫
S(r≤R2)
(
1
r2(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
R3
k2GEdV = E(~r),
(54)
To subtract (53) from (54)
E(~r′) = Eb(~r′)
+ e
−ikr′
4π
∫ π
0
∫ 2π
0
E(0, θ, φ) sin θdθdφ
− ∫
S(r≤R2)
(
1− 1
εθ
)
∂
∂r
G ∂
∂r
EdV
+
∫
S(r≤R2)
(
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV .
(55)
Substitute (27) for sphere surface integral of electric
wave into the (55), because the anisotropic inhomoge-
neous electromagnetic relative material parameter are
variable in the sphere,r ≤ R2 The outside of sphere,
r > R2 is free space with relative electric permittivity
diag(1, 1, 1) and magnetic permeability diag(1, 1, 1) , be-
cause (30)
e−ikr
′
4π
∫ π
0
∫ 2π
0
E(0, θ, φ) sin θdθdφ = 0
the integral equation (55) will become
E(~r′) = Eb(~r′)
− ∫
S(r≤R2)
(
1− 1
εθ
)
∂
∂r
G ∂
∂r
EdV
+
∫
S(r≤R2)
(
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV . (51)
The theorem 5.1 is proved.
VI. THEORY OF GLHUA
ELECTROMAGNETIC INVISIBLE SPHERE AND
BEHAVIOR OF THE ELECTROMAGNETIC
WAVE FIELD PROPAGATION
A. GLHUA pre cloak material conditions on
relative electric permittivity and magnetic
permeability for invisible sphere
In this section, we propose GLHUA pre cloak mate-
rial conditions of anisotropic relative electric permittiv-
ity and magnetic permeability for invisible virtual sphere
r ≤ R2, which are of the following properties for invisible
sphere r ≤ R2. The electric permittivity is the product of
relative electric permittivity and ε0, the magnetic perme-
ability is the product of relative magnetic permeability
and µ0.ε0 Is the basic constant electric permittivity, µ0 is
basic constant magnetic permeability. GLHUA pre cloak
material conditions in invisible virtual sphere r ≤ R2 are
as follows:
(6.1)µr (r) = εr(r),
µθ (r) = µφ (r) = εθ (r) = εφ (r) ,
in the sphere r ≤ R2 are continuous
differentiable function of r,
(56)
(6.2)these parameter functions
and their derivative functions
are continuous across boundary
r = R2,
(57)
(6.3) lim
r→0
r2µr (r) =
lim
r→0
r2εr(r) =∞, (58)
(6.4)µθ (r) = µφ (r)
= εθ (r) = εφ (r) = f(r)
1
r2
,
and their derivative are
continuous across boundary
r = R2, lim
r→0
f(r) =
R22
2 ,
lim
r→0
1
r
f ′(r) = 0,
(59)
8B. GL electromagnetic field and are approaching
to zero at r=0 in invisible sphere
Theorem 6.1 : Suppose that the anisotropic rela-
tive electric permittivityεr (r),εθ (r) εφ (r) and magnetic
permeability, µr (r),µθ (r) µφ (r) , satisfy the above GL-
HUA pre cloak material conditions in invisible sphere
(6.1) to (6.4), also we suppose that
∫
S(r≤R2)
(
|E(~r)|2 + |H(~r)|2
)
dV isfinite, (60)
then GL radial electromagnetic wave field is vanished at
origin,r = 0,
lim
r→0
E(~r) = 0, (61)
lim
r→0
H(~r) = 0, (62)
Proof
lim
r→0
r2E(~r) = 0,
lim
r→0
r2H(~r) = 0,
(63)
is derived from (60). the additional condition (60) is rea-
sonable finite energy condition. From GL radial electric
integral equation (51)), we have
E(~r′) = Eb(~r′)−
− ∫
S(r≤R2)
∂
∂r
(((
1− 1
εθ
)
∂
∂r
G
)
E
)
dV
+
∫
S(r≤R2)
∂
∂r
((
1− 1
εθ
)
∂
∂r
G
)
EdV
+
∫
S(r≤R2)
(
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV,
(64)
The integral equation (51) is translated to
1
εθ
E(~r′) = Eb(~r′)−
− ∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂G
∂r
EdV
+
∫
S(r≤R2)
(
1− 1
εθ
)(
∂2
∂r2
G
)
EdV
+
∫
S(r≤R2)
(
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV,
(65)
The above equation (65) becomes
1
εθ
E(~r′) = Eb(~r′)−
− ∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂G
∂r
EdV
− ∫
S(r≤R2)
(
1
r2
(
1− 1
εθ
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1sin2 θ
∂2G
∂φ2
))
EdV
− ∫
S(r≤R2)
k2
(
1− 1
εθ
)
GEdV
+
∫
S(r≤R2)
(
1
r2
(
1− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2 (1− µθ)GEdV.
(66)
The GL electric integral equation (51) becomes to
1
εθ
E(~r′) = Eb(~r′)−
− ∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂G
∂r
EdV
+
∫
S(r≤R2)
(
1
r2
(
1
εθ
− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+ 1
sin2 θ
∂2G
∂φ2
))
EdV
+
∫
S(r≤R2)
k2
(
1
εθ
− µθ
)
GEdV ,
(67)
Let
GL(r, r
′) = G(~r, ~r′)−G0(r, r′) (68)
to substitute (68) for G(~r, ~r′) into (67) , and by using
E0(r) = 0 in (30), the integral equation (67) becomes
1
εθ
E(~r′) = Eb(~r′)−
− ∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂GL
∂r
EdV
+
∫
S(r≤R2)
(
1
r2
(
1
εθ
− 1
εr
)
(
1
sin θ
∂
∂θ
sin θ ∂GL
∂θ
+ 1
sin2 θ
∂2GL
∂φ2
))
EdV
+
∫
S(r≤R2)
k2
(
1
εθ
− µθ
)
GLEdV ,
(69)
where
GL(r, r
′) = G(~r, ~r′)−G0(r, r′)
= rr′
∞∑
l=1
gl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)Y
m
l (θ
′, φ′),
(70)
gl(r, r
′)
= ikjl(kr)(jl(kr
′)− iyl(kr′)), r ≤ r′ (71)
gl(r, r
′)
= ik(jl(kr)− iyl(kr))jl(kr′), r ≥ r′ (72)
9Substitute the GL(r, r
′) in (70-72) into the integral equa-
tion (69), the equation (69) becomes to the following in-
tegral equation,
1
εθ
E(~r′) = Eb(~r′)
−r′
∞∑
l=1
∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂
∂r
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
+r′
∞∑
l=1
∫
S(r≤R2)
1
r2
(
1
εθ
− 1
εr
)
l(l+ 1)rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
+r′
∞∑
l=1
∫
S(r≤R2)
k2
(
1
εθ
− µθ
)
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′),
(73)
lim
r′→0
1
εθ
E(~r′) = lim
r′→0
Eb(~r′)
− lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂
∂r
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
+ lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
1
r2
(
1
εθ
− 1
εr
)
l(l + 1)
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
+ lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
k2 1
εθ
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
− lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
k2µθrgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′)
= lim
r′→0
I + lim
r′→0
II + lim
r′→0
III
+ lim
r′→0
IV + lim
r′→0
V,
(74)
From the equation (60)
lim
r′→0
1
εθ
E(~r′) = 0 (75)
From the equation (21)
lim
r′→0
I = lim
r′→0
Eb(~r′) = 0, (76)
In next, we will prove
lim
r′→0
II =
= − lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂
∂r
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(77)
lim
r′→0
III =
= lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
(
1
εθ
− 1
εr
)
l(l+1)
r
gl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(78)
lim
r′→0
IV =
= lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
k2 1
εθ
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(79)
Substitute (70) and (71) into the (77) and using LHO-
PITAL ROLE, we prove the limitation equation (77) in
detail,
lim
r′→0
II =
− lim
r′→0
k
∞∑
l=1
r′yl(kr
′)
∫ r′
0
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
k
∞∑
l=1
r′jl(kr
′)
∫ R2
r′
(
∂
∂r
1
εθ
)
∂
∂r
ryl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik
∞∑
l=1
r′jl(kr
′)
∫ R2
0
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
(80)
lim
r′→0
II = − lim
r′→0
k
∞∑
l=1
r′yl(kr
′)
∫ r′
0
(
∂
∂r
1
εθ
)
(l + 1)jl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
+ lim
r′→0
k
∞∑
l=1
r′yl(kr
′)
∫ r′
0
(
∂
∂r
1
εθ
)
krjl+1(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
k
∞∑
l=1
r′jl(kr
′)
∫ R2
r′
(
∂
∂r
1
εθ
)
(l + 1)yl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
+ lim
r′→0
k
∞∑
l=1
r′jl(kr
′)
∫ R2
r′
(
∂
∂r
1
εθ
)
kryl+1(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik
∞∑
l=1
r′jl(kr
′)
∫ R2
r′
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
(81)
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By LHOPITAL ROLE
lim
r′→0
II =
lim
r′→0
∞∑
l=1
(2l)!
2ll!
1
kl(kr′)l−1
(
∂
∂r
1
εθ
)
(l + 1)2
ll!(kr′)l
(2l+1)!
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
(2l)!
2ll!
1
kl(kr′)l−1
(
∂
∂r
1
εθ
)
2l+1(l+1)!
(2l+3)! (kr
′)l+2
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
2ll!
(2l+1)!
(kr′)l+2
k(l+1)
(
∂
∂r
1
εθ
)
l
(2l)!
2ll!
1
(kr′)l+1
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik
∞∑
l=1
r′jl(kr
′)
∫ R2
0
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′).
(82)
lim
r′→0
II =
lim
r′→0
∞∑
l=1
l+1
(2l+1)
r′
l
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
(kr′)2
kl(2l+3)(2l+1)
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
l
(2l+1)
r′
(l+1)
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik
∞∑
l=1
r′jl(kr
′)
∫ R2
0
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′),
(83)
Because the finite energy condition (60) and GLHUA
pre cloak material condition (6.1) to (6.4), the integral in
above equation (83) is finite integrative,
lim
r′→0
II =
lim
r′→0
∞∑
l=1
l+1
(2l+1)
r′
l
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
(kr′)2
kl(2l+3)(2l+1)
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
∞∑
l=1
l
(2l+1)
r′
(l+1)
(
∂
∂r
1
εθ
)
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik
∞∑
l=1
r′jl(kr
′)
∫ R2
0
(
∂
∂r
1
εθ
)
∂
∂r
rjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0,
(84)
Therefore,
lim
r′→0
II = − lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
(
∂
∂r
1
εθ
)
∂
∂r
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(85)
limitation equation (77) is proved. Similarly, we can
prove limitation equation (78)
lim
r′→0
III = lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
1
r2
(
1
εθ
− 1
εr
)
l(l + 1)rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(86)
, and (79),
lim
r′→0
IV = lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
k2 1
εθ
rgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(87)
Substitute (75)-(79) into the limitation equation (74), the
limitation equation (74) induces
lim
r′→0
V = − lim
r′→0
r′
∞∑
l=1
∫
S(r≤R2)
k2µθrgl(r, r
′)
l∑
m=−l
Y m∗l (θ, φ)EdV Y
m
l (θ
′, φ′) = 0,
(88)
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Substitute (71) and (72) for gl(r, r
′) into the (88),
lim
r′→0
V =
− lim
r′→0
k3
∞∑
l=1
r′yl(kr
′)
∫ r′
0 µθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
k3
∞∑
l=1
r′jl(kr
′)
∫ R2
r′
µθryl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik3
∞∑
l=1
r′jl(kr
′)
∫ R2
0
µθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0
(89)
lim
r′→0
V =
+ lim
r′→0
k2
∞∑
l=1
(2l)!
2ll!
1
(kr′)l
∫ r′
0 µθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
k2
∞∑
l=1
2ll!(kr′)l+1
(2l+1)!
∫ R2
r′
µθryl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik3
∞∑
l=1
r′jl(kr
′)
∫ R2
0
µθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0,
(90)
By LHOPITAL ROLE
lim
r′→0
V = lim
r′→0
k2
∞∑
l=1
(2l)!
2ll!
1
kl(kr′)l−1µθr
′jl(kr
′)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
k2
∞∑
l=1
2ll!(kr′)l+2
k(l+1)(2l+1)!µθr
′yl(kr
′)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik3
∞∑
l=1
r′jl(kr
′)
∫ R2
0
µθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0,
(91)
lim
r′→0
V =
lim
r′→0
k2
∞∑
l=1
(2l)!
2ll!
1
kl(kr′)l−1
f(r′)
r′
2ll!
(2l+1)! (kr
′)l
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
+ lim
r′→0
k2
∞∑
l=1
2ll!(kr′)l+2
k(l+1)(2l+1)!
f(r′)
r′
(2l)!
2ll!
1
(kr′)l+1
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik3
∞∑
l=1
r′jl(kr
′)
∫ R2
0
εθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0,
(92)
lim
r′→0
V =
lim
r′→0
k2f(r′)
∞∑
l=1
1
l(2l+1)
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
+ lim
r′→0
k2f(r′)
∞∑
l=1
1
(l+1)(2l+1)
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
− lim
r′→0
ik3
∞∑
l=1
r′jl(kr
′)
∫ R2
0 εθrjl(kr)dr
l∑
m=−l
∫ π
0
∫ 2π
0
Y m∗l (θ, φ)E(r, θ, φ) sin θdθdφY
m
l (θ
′, φ′)
= 0,
(93)
lim
r′→0
k2R22
∞∑
l=1
1
l(l+1)
l∑
m=−l
∫ π
0
∫ 2π
0 Y
m∗
l (θ, φ)E(r, θ, φ) sin θdθdφ
Y ml (θ
′, φ′) = 0,
(94)
Because for incident wave with electric current point
source δ(~r−~rs)~es at (rs, θs, φs) rs > RO > R2, E0(r) = 0
in (30),
E(r′, θ′, φ′) =
∞∑
l=1
El(r
′)
l∑
m=−l
Y ml (θ
′, φ′)Y ml (θs, φs)
(95)
Substitute (95) into the (94), we have
lim
r′→0
k2R22
∞∑
l=1
1
l(l+1)El(r
′)
l∑
m=−l
Y ml (θ
′, φ′)Y ml (θs, φs) = 0,
(96)
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Let
ℜ(θ, φ) = 1
sin θ
∂
∂θ
sin θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
, (97)
To use ℜ(θ, φ) in (97) to make action to both side of
the limitation equation (96), we have
lim
r′→0
k2R22ℜ(θ′, φ′)
∞∑
l=1
1
l(l+1)El(r
′)
l∑
m=−l
Y ml (θ
′, φ′)Y ml (θs, φs) = 0
(98)
lim
r′→0
k2R22E(r
′, θ′, φ′) = 0, (99)
For every (θ′, φ′) and k ≥ k0 > 0
lim
r′→0
E(r′, θ′, φ′) = 0, (100)
Other proof approach is as follows: By using above
similar with proof process of (98), for every term l and
k, we can prove that
lim
r′→0
k2R22
1
l(l + 1)
El(r
′) = 0, (101)
, Because E0(r) = 0 in (30),l ≥ 1 and for k ≥ k0 > 0
lim
r′→0
El(r
′) = 0, (102)
lim
r′→0
E(r′, θ′, φ′) =
∞∑
l=1
lim
r′→0
El(r
′)
l∑
m=−l
Y ml (θ
′, φ′)Y ml (θs, φs) = 0,
(103)
The limitation equation (61) is proved. Similarly, we
can prove limitation equation (62)
lim
r′→0
H(r′, θ′, φ′) =
∞∑
l=1
lim
r′→0
Hl(r
′)
l∑
m=−l
Y ml (θ
′, φ′)Y ml (θs, φs) = 0,
(104)
Similarly, for incident plane electromagnetic wave , we
also can prove limitation equation (61) and (62). The
theorem 6.1 is proved.
Theorem 6.2, Suppose that the anisotropic relative
electric permittivity εr (r),εθ (r) εφ (r) and magnetic per-
meability, µr (r),µθ (r) µφ (r) , satisfy the above GL-
HUA pre cloak material conditions in invisible sphere
(6.1) to (6.4), and finite energy condition (60), then
lim
r→0
1
εθ
∂
∂r
E(~r) = 0, (105)
lim
r→0
1
εθ
∂
∂r
H(~r) = 0, (106)
Proof :, Using similar proof process, the theorem 6.2
can be proved.
Theorem 6.3, Suppose that the anisotropic relative
electric permittivity εr (r),εθ (r) εφ (r) and magnetic per-
meability, µr (r),µθ (r) µφ (r) , satisfy the above GL-
HUA pre cloak material conditions in invisible sphere
(6.1) to (6.4), also angular electromagnetic wave satisfy
following finite energy condition (63)
∫
S(r≤R2)
(
|rEθ(~r)|2 + |rHθ(~r)|2
+ |rEφ(~r)|2 + |rHφ(~r)|2
)
dV,
is finite,
(107)
then
lim
r→0
rEθ(~r) = 0,
lim
r→0
rEφ(~r) = 0,
(108)
lim
r→0
rHθ(~r) = 0,
lim
r→0
rHφ(~r) = 0,
(109)
Proof :, Because the source is outside sphere,rs >
RO > R2, In the Sphere 0 < r ≤ R2, from (4), we have
∇ · ~D = 1
r2
∂
∂r
(
r2εrEr
)
+
+ 1sin θr
∂
∂θ
sin θεθEθ +
1
r sin θ
∂
∂φ
εφEφ = 0
(110)
The ~D is displacement electric in spherical coordinate,
by definition of GL electromagnetic wave (18), equation
(110) becomes
1
sin θ
∂
∂θ
sin θrEθ +
1
sin θ
∂
∂φ
rEφ
= − 1
εθ
∂E
∂r
,
(111)
By Maxwell equation (1) and (18), we have
− 1sin θ ∂∂φrEθ + 1sin θ ∂∂θ sin θrEφ
= −iωµ0H, (112)
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Rewrite (111) and (112) as matrix equation
[
1
sin θ
∂
∂θ
sin θ 1sin θ
∂
∂φ
− 1sin θ ∂∂φ 1sin θ ∂∂θ sin θ
][
rEθ
rEφ
]
=
=
[ − 1
εθ
∂E
∂r
−iωµ0H
] (113)
The adjoint Greens equation of equation (113) on
[0, π; 0, 2π] is
[
1
sin θ
∂
∂θ
sin θ − 1sin θ ∂∂φ
1
sin θ
∂
∂φ
1
sin θ
∂
∂θ
sin θ
]
[
G11(θ, θ
′, φ, φ′) G21(θ, θ
′, φ, φ′)
G12(θ, θ
′, φ, φ′) G22(θ, θ
′, φ, φ′)
]
= 1sin θ
[
δ(θ, θ′, φ, φ′)
δ(θ, θ′, φ, φ′)
]
,
(114)
It is different from GL Green equation in (44), the ad-
joint Greens equation is novel GLHUA angular Green
equation. It is different from GL Green function in (45),
the GLHUA angular Green function matrix is in the fol-
lowing
G11(θ, φ, θ
′, φ′) =
∞∑
l=
1
l(l+1)
l∑
m=−l
∂
∂θ
Y m∗l (θ, φ)Y
m∗
l (θ
′, φ′),
G12(θ, φ, θ
′, φ′) =
−
∞∑
l=
1
l(l+1)
l∑
m=−l
∂
sin θ∂φY
m∗
l (θ, φ)Y
m∗
l (θ
′, φ′),
G21(θ, φ, θ
′, φ′) =
∞∑
l=
1
l(l+1)
l∑
m=−l
∂
sin θ∂φY
m∗
l (θ, φ)Y
m∗
l (θ
′, φ′),
G22(θ, φ, θ
′, φ′) =
∞∑
l=
1
l(l+1)
l∑
m=−l
∂
∂θ
Y m∗l (θ, φ)Y
m∗
l (θ
′, φ′),
(115)
To use product of GLHUA Greens function matrix by
sin θ, G(θ, θ′, φ, φ′) sin θ, to multiply the matrix equation
(113) and take sphere surface integral of resulted equa-
tion on [0, π; 0, 2π]
∫ π
0
∫ 2π
0
([
G11 G12
G21 G22
]
[
1
sin θ
∂
∂θ
sin θ 1sin θ
∂
∂φ
− 1sin θ ∂∂φ 1sin θ ∂∂θ sin θ
][
rEθ
rEφ
])
sin θdθdφ
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [ − 1
εθ
∂E
∂r
−iωµ0H
]
sin θdθdφ,
(116)
To use vector [rEθ , rEφ] sin θ to multiply the adjoint
Greens equation of equation (114) and take sphere sur-
face integral of resulted adjoint equation on [0, π; 0, 2π],
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
]
[
1
sin θ
∂
∂θ
sin θ 1sin θ
∂
∂φ
− 1sin θ ∂∂φ 1sin θ ∂∂θ sin θ
][
rEθ
rEφ
]
sin θdθdφ
=
∫ π
0
∫ 2π
0
[
δ
δ
] [
rEθ
rEφ
]
sin θdθdφ,
(117)
To subtract equation (116) from (117), we have[
rEθ(r, θ
′, φ′)
rEφ(r, θ
′, φ′)
]
=
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [ − 1
εθ
∂E
∂r
−iωµ0H
]
sin θdθdφ
(118)
Based on theorem 6.1 and theorem 6.2, we have
lim
r→0
[
rEθ(r, θ
′, φ′)
rEφ(r, θ
′, φ′)
]
= lim
r→0
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [ − 1
εθ
∂E
∂r
−iωµ0H
]
sin θdθdφ
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
]
lim
r→0
[ − 1
εθ
∂E
∂r
−iωµ0H
]
sin θdθdφ
=
[
0
0
]
,
(119)
We have proved the first part of (108) of theorem
6.3, similarly, we can prove second part of (109). The
theorem 6.3 is proved.
Theorem 6.4, Suppose that the anisotropic relative
electric permittivity εr (r),εθ (r) εφ (r) and magnetic per-
meability, µr (r),µθ (r) µφ (r) , satisfy the above GL-
HUA pre cloak material conditions in invisible sphere
(6.1) to (6.4), also angular electromagnetic wave satisfy
following finite energy condition (63), then
lim
r→0
1
εθ
∂
∂r
rEθ(~r) = 0,
lim
r→0
1
εθ
∂
∂r
rEφ(~r) = 0,
(120)
lim
r→0
1
µθ
∂
∂r
rHθ(~r) = 0,
lim
r→0
1
µθ
∂
∂r
rHφ(~r) = 0,
(121)
Proof :, By using the similar proof process on the
8.3, we can prove the theorem 6.4.
VII. DISCUSSION AND CONCLUSION
The pre cloak material conditions (6.1) to (6.4) in GL-
HUA sphere is from GL zero scattering inversion and
GL no scattering modeling. Many GL no scattering
modeling simulations show that under the conditions
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(6.1) to (6.4), lim
r→0
E(r) = 0,, and lim
r→0
H(r) = 0, are ver-
ified. These condition is not unique and can be relaxed.
We publish this paper to arXiv for support our paper
arXiv.org/abs/1612.02857. Our GLHUA cloak and GL-
HUA sphere publication in arXiv are for open review.
Please colleague give comments to me by my email or
give open comments in arXiv. All copyright and patent
of the GLHUA EM cloaks,GLHUA sphere and GL mod-
eling and inversion methods are reserved by authors in
GL Geophysical Laboratory.If some colleague cite our pa-
per in his work paper, please cite our paper as reference
in his paper..
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